Abstract. We study multiplicity of the eigenvalues of the Hodge Laplacian on smooth, compact Riemannian manifolds of dimension five for generic families of metrics. We prove that generically the Hodge Laplacian, restricted to the subspace of co-exact two-forms, has nonzero eigenvalues of multiplicity two. The proof is based on the fact that Hodge Laplacian restricted to the subspace of co-exact two-forms is minus the square of the Beltrami operator, a first-order operator. We prove that for generic metrics the spectrum of the Beltrami operator is simple. Because the Beltrami operator in this setting is a skew-adjoint operator, this implies the main result for the Hodge Laplacian.
Statement of the problem and results
The multiplicity of the L 2 -eigenvalues of the Laplacian ∆ g 0 on a smooth compact manifold (M, g) is linked with the symmetry of the manifold. Generally speaking, the multiplicity of an eigenvalue is reduced under perturbations of the Laplacian. In the seventies, Uhlenbeck [22] and Albert [1] studied this question for generic classes of metric and potential perturbations. For a Riemannian manifold (M, g 0 ), Uhlenbeck proved that a generic, local perturbation of the metric g 0 → g 0 + δg, with support δg ⊂ U ⊂ M , an open set, removes all multiplicities. That is, the eigenvalues of ∆ g 0 +δg are simple (that is, have multiplicity one) for a generic set of perturbations δg supported in U ⊂ M .
In light of Uhlenbeck's result for the Laplace operator on functions, one might wonder if the nonzero eigenvalues of the Hodge Laplacian ∆ (k) g acting on k-forms might likewise be simple for a residual set of metrics. Soon after Uhlenbeck published her theorem, Millman [18] noted that on a manifold of even dimension 2n, the McKean-Singer télescopage theorem [5] implies that all the nonzero eigenvalues of the Hodge Laplacian acting on n-forms (forms of middle dimension) have even multiplicity. While Millman's observation precludes a general extension of Uhlenbeck's theorem to the Hodge Laplacian, it is possible for analogues to hold under appropriate hypotheses.
In 2012, Enciso and Peralta-Salas [12] proved that on a closed 3-manifold, there exists a residual set of C r metrics, r 2, such that the nonzero eigenvalues of the Hodge Laplacian ∆ (k) g , for 0 k 3, all have multiplicity 1. They structure their proof around the study of the Beltrami operator * g d restricted to co-exact 1-forms, which they show to have simple spectrum by a similar transversality theory argument as employed by Uhlenbeck. The Beltrami operator * g d restricted to co-exact 1-forms is self-adjoint and its square, on the same subspace, is the Hodge Laplacian ∆ (1) g , restricted to this invariant subspace. Consequently, the Hodge Laplacian restricted to this subspace also has simple nonzero eigenvalues. This fact, when combined with the Hodge decomposition and Uhlenbeck's theorem for the Laplace operator acting on 0-forms (functions), and Hodge duality, allow Enciso and Peralta-Salas to conclude their simplicity result for ∆ (1) g . The generic simplicity of the nonzero spectrum of the Hodge Laplacian acting on k-forms for 0 k 3 follows from Uhlenbeck's theorem for k = 0, their result for k = 1, and Hodge duality for k = 2 and k = 3.
In this paper, we extend the method centered on the Beltrami operator, as introduced by Enciso and Peralta-Salas [12] , to study the generic nonzero eigenvalue multiplicities of the Hodge Laplacian on closed 5-manifolds. In particular, we will prove that for a residual set of C r metrics, for any r 2, the nonzero eigenvalues of the Hodge Laplacian ∆ (2) g acting on co-exact 2-forms have multiplicity 2. Instead of transversality, we employ the direct perturbation theory method used by Albert [1] (also used by Colin de Verdière [9] ).
In order to state the main theorem, we recall the de Rham complex of real differential forms over M . The de Rham complex for (M, g) consists of the spaces Λ k (M ) of smooth k-forms on M and the differential maps d :
is a pre-Hilbert space with inner product given by
where ∧ is the wedge product and
is the Hodge star operator. We denote the closure of Λ k (M ) in the related norm by L 2 (M, Λ k ). In the discussion of the Beltrami operator in section 2 we will work with complexvalued forms that we denote by Λ k C (M ). In this case, the form ( * g v) in the inner product (1.1) is replaced by its complex conjugate denoted by ( * g v). The adjoint of d with respect to this inner product is the codifferential operator δ g :
Our primary operator of interest is the Hodge Laplacian, the second order differential operator given by ∆
The operators ∆
, and δ g allow us to define the following subspaces of Λ k (M ). The space of harmonic k-forms on M is
, the space of exact k-forms is
and the space of co-exact k-forms is
The Hodge Decomposition Theorem guarantees that any k-form can be uniquely written as the sum of a harmonic form, an exact form, and a co-exact form:
On an oriented compact Riemannian manifold (M, g), the space Λ k (M ) can be decomposed as
The space of harmonic forms H k (M ) is finite dimensional.
The result extends to an orthogonal decomposition of
The Beltrami operator * g d maps k-forms to n − k − 1-forms, with the ranks of the forms coinciding precisely when n = 2k + 1. In particular, the manifold must be of odd dimension. In the case studied by Enciso and Peralta-Salas with n = 3, the Beltrami operator maps 1-forms to 1-forms. The spectrum of the Hodge Laplacian restricted to exact 1-forms follows from Uhlenbeck's analysis of the spectrum of the Laplace-Beltrami operator on 0-forms since the exact 1-forms have the form df . On co-exact 1-forms, the Hodge Laplacian equals a phase factor times the square of the Beltrami operator. Hence, by the Hodge decomposition, the spectrum of the Hodge Laplacian on 1-forms is determined by the Beltrami operator. By Hodge duality, this determined the spectrum of the Hodge Laplacian on 2-forms.
The next dimension for which the Beltrami operator may be used to study the spectrum of the Hodge Laplacian is n = 5. In this case, the Beltrami operator maps 2-forms to 2-forms. In particular, the square of the Beltrami operator acting on co-exact 2-forms is minus the Hodge Laplacian acting on co-exact 2-forms. Consequently, the Beltrami operator may be used to study the spectrum of the Hodge Laplacian restricted to the invariant subspace of co-exact 2-forms. Theorem 1.2. Let M be a closed, 5-dimensional Riemannian manifold. Let r be an integer with r 2. There exists a residual subset Γ of the space of all C r metrics on M such that, for all g ∈ Γ, the nonzero eigenvalues of the Hodge Laplacian ∆ (2) g acting on co-exact 2-forms have multiplicity 2.
Our proof of Theorem 1.2 centers on an investigation of the Beltrami operator * g d. Using perturbation theory inspired by Albert [1] , and a density argument of Colin de Verdière [9] , we will show that for a residual set of metrics, the Beltrami operator restricted to co-exact 2-forms has only simple eigenvalues. We will then explore the relationship between the spectrum of the Beltrami operator, a skew-adjoint operator, and that of the Hodge Laplacian on co-exact 2-forms. In particular, the origin of the generic multiplicity two of eigenvalues is the skewadjointness of the Beltrami operator on 2-forms. This means the eigenvalues of the Beltrami operator are pure imaginary and the real and imaginary parts of the complex eigenforms give rise to independent real eigenforms of the Hodge Laplacian. The main result follows from this.
1.1. The meaning of generic. In this article, the terms generic and generic property mean the following. Let X be a topological space. A set G ⊂ X will be called residual or generic in X if it is a dense G δ -set. That is, G = ∩ ∞ j=1 G j , where each G j ⊂ X is dense and open in X. A property that is true for a residual subset of a topological space X is called generic.
1.2.
Discussion of the Beltrami and Hodge operators. The Beltrami operator may be used to study the eigenvalues of the Hodge Laplacian restricted to co-exact k-forms only for certain pairs (n, k) of dimension n of the manifold and rank k of the forms. Before narrowing our focus to co-exact 2-forms on a 5-manifold, we consider the more general properties of the Beltrami operator acting on k-forms on an n-dimensional manifold. Since the Beltrami operator is the composition of * g and d, the operator is an isomorphism between δ g Λ k+1 (M ) and δ g Λ n−k (M ), that is, the spaces of real co-exact k-forms and co-exact (n − k − 1)-forms. The Beltrami operator may be extended to complex-valued forms by linearity. The extended Beltrami operator
is also an isomorphism.
when restricted to co-exact, real or complex, k-forms.
In terms of the Hodge star operator, the co-differential operator δ g is δ g = (−1) n(k+1)+1 * g d * g . Using this, we find ∆
The same calculation holds on δ g Λ k+1 (M ). Lemma 1.1 implies that when restricted to co-exact forms, the Hodge Laplacian is given by ∆ 2 if n and k are both odd; otherwise ∆ 2 . The parity of n and k also determine whether the Beltrami operator is self-adjoint or skew-adjoint.
This result indicates that the Beltrami operator is self-adjoint if (n, k) are both odd and skew-adjoint otherwise. Combining this with the mapping properties of the Beltrami operator, we make the following conjecture concerning the generic multiplicities of the nonzero eigenvalues of the Hodge Laplacian on odd dimensional manifolds: The nonzero eigenvalues of the Hodge Laplacian acting on co-exact k-forms on an n = 2k + 1-dimensional manifold are generically simple if k is odd and generically of multiplicity 2 if k is even. [7] studied eigenvalue multiplicity for the Laplace-Beltrami operator (the Hodge Laplacian on 0-forms) under conformal perturbations of the metric g → e f g, for f ∈ C ∞ (M, R) and proved generic simplicity of the eigenvalues. More recently, Canzani [8] studied the question of generic eigenvalue multiplicity for conformally covariant, elliptic self-adjoint operators P g on smooth sections of vector bundles over a compact Riemannian manifold (M, g). Canzani proved that there is a residual set of functions in C ∞ (M, R) for which the corresponding operators P e f g associated with the conformally deformed metrics e f g have simple nonzero eigenvalues. The perturbation theory employed there, similar to that used in the present paper, depends crucially on the conformal covariance of the operators P g . In related work, Jakobson and Strohmaier [15] studied quantum ergodicity for, among other operators, the Hodge Laplacian restricted to co-closed k-forms. In their study of quantum ergodicity for compact Kähler manifolds, Jacobson, Strohmaier, and Zelditch [16, Remark 4.2] conjectured that the spectrum of the Hodge Laplacian restricted to primitive, co-closed (p, q)-forms is generically simple.
Related work. Bleeker and Wilson

1.4.
Contents of the paper. The Beltrami operator is studied in section 2. This is a skew-adjoint operator so the corresponding spectral problem is posed on the space of complex-valued 2-forms. It is shown in Theorem 2.1 that its eigenvalues are generically simple. The relation between the eigenvalues of the Beltrami operator and Hodge Laplacian is discussed in section 3. The main result, Theorem 1.2, is proved in section 3, and states that the nonzero eigenvalues of the Hodge Laplacian acting on real-valued, co-exact 2-forms is generically two. In the last section, we discuss the general question of the generic multiplicity of the nonzero eigenvalues of the Hodge Laplacian acting on 2-forms over a 5-dimensional manifold.
Generic simplicity of the eigenvalues of the Beltrami operator
The Beltrami operator * g d maps co-exact 2-forms to co-exact 2-forms on a 5-dimensional manifold. If ω is a co-exact 2-form then it is easily found that
Furthermore, the Beltrami operator is skew-adjoint on the domain
with the inner product (1.1). Thus, in order to study the eigenvalues of the Beltrami operator, we consider the Beltrami operator on the space of complex-valued 2-forms L 2 (M, Λ 2 C ). Acting on its domain H 1 (M, Λ 2 C ), the Beltrami operator is skew-adjoint with purely imaginary eigenvalues.
We are interested in the multiplicities of the nonzero eigenvalues of the Beltrami operator restricted to the subspace of co-exact 2-forms. We define
which is the set of all L 2 exact and harmonic 2-forms on M . We will use ⊥ g to specify orthogonality with respect to the inner product (1.1). By Hodge decomposition, K ⊥g is the set of all L 2 co-exact 2-forms on (M, g). The spaces K and K ⊥g consist of real 2-forms and will be used in section 3. In the present section in which we discuss the eigenvalue problem for the Beltrami operator, we will use the analogous spaces of complex-valued 2-forms, K C and K ⊥g C . The main result of this section is the generic simplicity of the eigenvalues of the Beltrami operator on co-exact 2-forms. The proof of Theorem 2.1 consists of a two parts. In the first, we focus on one degenerate eigenvalue iλ of * g d. We prove that there is a real symmetric matrix h so that the metric g + ǫh has a cluster of at least two nearby eigenvalues, converging to iλ as ǫ → 0. Each will have multiplicity less than that of iλ. In the second step, we prove that generically all eigenvalue multiplicities are removed using an inductive argument of Albert [1, Theorems 1 and 2] (see also Colin de Verdière, [9, section 5]).
2.1.
Variation with respect to the metric. In this section, we compute the differential of the Beltrami operator * g d with respect to the metric g. Let G r (M ) denote the set of all C r metrics on the compact manifold M . The space S r (M ) consists of all symmetric tensor fields of class C r and type (0, 2) and can be identified with the tangent space T g G r (M ) at any g ∈ G r (M ). Thus, D( * d) g (h) represents the variation of the Beltrami operator at the metric g ∈ G r (M ) in the direction of a C r symmetric (0, 2)-tensor h. The trace of h is given by tr g h = g ij h ij . The following lemma gives the local coordinate representation of D( * d) g (h) acting on an eigenform of the Beltrami operator.
Sketch of the proof. Next, using the formulas
we compute
Finally, we utilize the eigenvalue equation * g du = iλu to simplify the expression for (D( * d) g (h)u) ij . This results in the desired formula given in (2.2).
2.2.
A density result. The following density result states that any compactlysupported 2-form may be locally expressed in terms of a given non-vanishing form and a symmetric (0, 2)-tensor.
Lemma 2.2. Let w ∈ C r (M, Λ 2 C ), r 1, and consider a compact subset K ⊂ M \w −1 (0). Then for any v ∈ C r (M, Λ 2 C ) with supp v ⊂ K, there exists a symmetric complex (0, 2)-tensor t ∈ S r C (M ) such that v ij = t ik g kl w lj +w ik g kl t lj . Sketch of the proof. Let w ∈ C r (M, Λ 2 C ), let K be a compact subset of M \w −1 (0), and let v be any 2-form in C r (M, Λ 2 C ) with supp v ⊂ K. To make the computations clearer, we will use matrix representations of the various forms and tensors. The 2-forms w and v correspond to the antisymmetric 5 × 5 matrices that we denote by W and V , respectively. The 2-forms g −1 and t naturally correspond to the symmetric matrices denoted G −1 and T . The matrices W, V, G −1 , and T are matrix-valued functions of p ∈ M . The condition v ij = t ik g kl w lj + w ik g kl t lj for 1 i, j 5 translates into the matrix equation
is a symmetric positive-definite matrix, it has a symmetric positive-definite square root G −1/2 . We thus obtain the equivalent equationṼ
where the
Let M denote the set of all C r 5 × 5 matrix-valued functions on M . We define a linear operator LW : M → M by
Satisfying condition (2.3) amounts to finding a symmetricT ∈ M such that LW (T ) =Ṽ . The Sylvester equation LW (X) = XW +W X =Ṽ has a unique solution if and only ifṼ is orthogonal to ker LW (see, for example [6] ). It is proved in [13, Appendix C] that each E ∈ ker LW is symmetric. By the antisymmetry ofṼ , the matrix inner product ofṼ with each E ∈ ker LW is E ·Ṽ = SinceṼ is orthogonal to ker LW , there exists an X ∈ M such thatṼ = XW + W X on K. From the antisymmetry ofṼ andW , one easily shows that X TW + W X T =Ṽ , so that X T solves the same equation as X. Thus, we defineT to be the symmetrizationT =
is a symmetric C r matrix-valued function such that V = T G −1 W + W G −1 T . We thus obtain from T the desired symmetric complex (0, 2)-tensor t ∈ S r C (M ). 2.3. Eigenvalue perturbation theory. To establish the generic simplicity of the eigenvalues of the Beltrami operator, we use standard results from perturbation theory as discussed in Rellich [20, chapter II, section 5, Theorem 3] and Kato [17] . In particular, observe that the skew-adjointness of the Beltrami operator * g d when n = 5 and k = 2 implies that the operator i * g d :
C is self-adjoint with respect to the metric g and has real, isolated eigenvalues of finite multiplicity. We consider perturbations of the metric g → g(ǫ) := g+ǫh so the norm, and hence the Hilbert space, depends on ǫ. We map these spaces to the ǫ-independent Hilbert space L 2 (M, Λ 2 C ). We define a unitary operator U ǫ :
and is unitarily equivalent to the Beltrami operator * g(ǫ) d. Note that D 0 = * g d. Furthermore, the set of co-exact twoforms
In this setting, we have the following perturbation theorem for linear perturbations of the metric.
Theorem 2.2. Let λ be an eigenvalue of
of multiplicity m, and let g(ǫ) = g + ǫh for some h ∈ S r (M ). Then there are m functions ℓ h 1 (ǫ), . . . , ℓ h m (ǫ) real-analytic at ǫ = 0, and m functions
at ǫ = 0, such that the following conditions hold:
(
, there are exactly m eigenvalues (counting multiplicity)
, for ǫ sufficiently small. It will be convenient for the calculation in section 2.4 to write the eigenvalue equation in the second point of Theorem 2.2 in the following form. Since
).
2.4.
Proof of Theorem 2.1 for the Beltrami operator. We combine the perturbation result with the topological arguments of Albert to prove Theorem 2.1. Proof.
1. The setting. For a metric g ∈ G r (M ), we label the eigenvalues iλ n (g) of the Beltrami operator * g d so that
n (g). We define the following subsets of G r (M ), the metrics on M :
These subsets are nested so that
and
By the stability of simple eigenvalues under small perturbations of the metric, each set Γ n is open in G r (M ). Thus, to prove that Γ ∞ is residual in G r (M ), it is sufficient to show that Γ n+1 is dense in Γ n for all n = 0, 1, 2, . . .. 2. The density argument. Let g ∈ Γ n so that the first n eigenvalues of * g d :
are simple. Suppose that the (n + 1) st eigenvalue iλ = 0 of * g d has multiplicity m, and define g(ǫ) = g + ǫh for some h ∈ S r (M ). Theorem 2.2 implies there are m functions ℓ h 1 (ǫ), . . . , ℓ h m (ǫ) real-analytic at ǫ = 0, and m functions
at ǫ = 0 such that the conditions of Theorem 2.2 hold. When ǫ = 0, each set {U h 1 (0), . . . , U h m (0)} forms an orthonormal basis of the eigenspace E ( *  g d, iλ) . This basis may depend on the choice of h ∈ S r (M ) in the linear perturbation of the metric g(ǫ) = g + ǫh.
3. Variation with respect to the metric. We differentiate the eigenvalue equation
, with respect to ǫ and evaluate at ǫ = 0 to obtain
where
Since {u h 1 , . . . , u h m } is an orthonormal basis of the eigenspace E( * g d, iλ), we take the inner product of (2.8) with another eigenform u h k . This results in
The last term on the right vanishes due to the skew-adjointness of the Beltrami operator and the eigenvalue equation. Consequently, we obtain
We may express the inner product (
We define a bilinear form S :
for h ∈ S r C (M ) and w ∈ L 2 (M, Λ 2 C ). We may then express (2.11) more concisely as
Change of basis. Our goal is to show that there exists an
for some pair j, k ∈ {1, . . . , m}. This fact implies that under the metric perturbation g(ǫ) = g + ǫh for ǫ sufficiently small, the perturbed eigenvalues iℓ h j (ǫ) and iℓ h k (ǫ) of * g(ǫ) d are distinct. While iℓ h j (ǫ) and iℓ h k (ǫ) are not guaranteed to be simple, they each have multiplicity less than m. To this end, assume to the contrary that (ℓ h j ) ′ (0) = (ℓ h k ) ′ (0) for all h ∈ S r (M ) and all j, k ∈ {1, . . . , m}. By (2.13), this assumption implies
for all h ∈ S r (M ). As previously noted, each set {u h 1 , . . . , u h m } forms an orthonormal basis of E( * g d, iλ), but we cannot assume that u
For a given h ∈ S r (M ), we write each u j in terms of the basis elements {u h 1 , . . . , u h m } as u j = m ℓ=1 c j,ℓ u h ℓ , for constants c j,ℓ ∈ C. The fact that {u 1 , . . . , u m } and {u h 1 , . . . , u h m } are both orthonormal bases of E( * g d, iλ) implies
Combining (2.16) with (2.14) and (2.15) yields
Thus, for all h ∈ S r (M ), the elements in the orthonormal basis {u 1 , . . . , u m } satisfy
With this choice, the bilinear form S defined in (2.12) becomes
By decomposing a complex symmetric (0, 2)-tensor T ∈ S r C (M ) into T = T 1 + iT 2 for T 1 , T 2 ∈ S r (M ), the linearity of h T in T (2.18) and relations (2.17) 
for all complex tensors T ∈ S r C (M ). 6. Unique continuation principle. Without loss of generality, we fix j = 1 and k = 2. Equation (2.19) implies
for all T ∈ S r C (M ). We apply Lemma 2.2 with w = u 1 . It follows from ( * g d − iλ)u 1 = 0 and the co-exactness of u 1 that ∆ (2) g u 1 = −( * g d) 2 u 1 = λ 2 u 1 , so that u 1 is an eigenform of the Hodge Laplacian ∆ (2) g with eigenvalue λ 2 . The unique continuation principle then states that u 1 cannot vanish in any open subset of M [2, 3] . Consequently, the set
Since (2.20) implies u 2 is orthogonal to the dense set S , we obtain u 2 = 0 on M , contradicting the fact that u 2 is a normalized eigenform. 7. Conclusion of the proof. By the above, there exists an h ∈ S r (M ) such that (ℓ h j ) ′ (0) = (ℓ h k ) ′ (0) for some j, k ∈ {1, . . . , m}. Consequently, for all ǫ > 0 small, the n + 1 st eigenvalue of the Beltrami operator * g(ǫ) d has multiplicity at most m−1, and the first n eigenvalues remain simple. Repeating the above argument as necessary, we obtain a metric g(ǫ) = g + ǫh in Γ n+1 for ǫ sufficiently small. Since g(ǫ) can be taken arbitrarily close to g in the C r topology, we conclude that Γ n+1 is dense in Γ n . Additionally, each Γ n is open in G r (M ), so we infer that
is residual G r (M ). Thus, for a residual set of metrics Γ ∞ ⊂ G r (M ), the Beltrami operator acting on H 1 (M, Λ 2 C ) ∩ K ⊥g C has only simple eigenvalues.
The Hodge Laplacian on co-exact 2-forms
In this section, we apply the results on the generic multiplicities of the Beltrami operator to the study of the eigenvalue multiplicities of the Hodge Laplacian acting on real co-exact 2-forms.
3.1. Relation to the eigenvalues of the Beltrami operator. In order to determine the generic eigenvalue multiplicities of the Hodge Laplacian on coexact 2-forms on a 5-manifold, we must determine the relationship between the eigenvalues and eigenforms of the Hodge Laplacian and those of the Beltrami operator. Our next two lemmas hold in the more general setting of n = 4ℓ + 1 and k = 2ℓ for some ℓ ∈ N and in particular apply when n = 5 and k = 2.
Lemma 3.1. Let M be a manifold of dimension n = 4ℓ+1 for some ℓ ∈ N, and let k = 2ℓ. Let ω = α + iβ be a nonzero complex k-form with α, β ∈ H 1 (M, Λ k ). Then * g dω = iλω if and only if * g dα = −λβ and
so equating real and imaginary parts yields (3.21) .
Conversely, suppose that α, β ∈ H 1 (M, Λ k ) satisfy (3.21), and let ω = α+iβ. Then
so that ω is an eigenfunction of * g d with eigenvalue iλ.
Remark 1. It is important to recognize that condition (3.21) implies that α and β are nonzero, linearly independent forms over R. To see this, observe that β = cα implies
which gives c = ±i in contradiction to c ∈ R. Even more notably,
The next lemma follows from our observations in Lemma 3.1.
Lemma 3.2. Let M be a manifold of dimension n = 4ℓ + 1 for some ℓ ∈ N, and let k = 2ℓ. Proof. Let α, β ∈ H 2 (M, Λ k ) ∩ K ⊥g , and suppose ω = α + iβ is an eigenform of * g d with eigenvalue iλ. By Lemma 3.1, α and β satisfy * g dα = −λβ and
Since α is a co-exact form, n = 4ℓ + 1 is odd, and k = 2ℓ is even,
Similarly,
so that α and β are both eigenforms of ∆ 
C are all simple. Take g ∈ Γ, and consider an eigenvalue λ 2 > 0 of the restriction of ∆ (2) g to co-exact 2-forms. Let η ∈ H 2 (M, Λ 2 ) ∩ K ⊥g be an eigenform of ∆ (2) g with eigenvalue λ 2 so that
Since η and ζ together satisfy condition (3.21), Lemma 3.1 implies that ζ + iη is an eigenform of * g d with eigenvalue iλ. It follows from Lemma 3.2 that ζ is also an eigenform of ∆ (2) g with eigenvalue λ 2 . As mentioned in 1, the eigenforms η and ζ are linearly independent, indicating that the eigenvalue λ 2 of ∆ (2) g has multiplicity of at least 2.
To prove that λ 2 has a multiplicity of precisely 2, suppose that ∆
g τ = λ 2 τ for some τ ∈ H 2 (M, Λ 2 ) ∩ K ⊥g . By our previous argument, there must exist a co-exact 2-form ξ ∈ H 2 (M, Λ 2 ) ∩ K ⊥g such that ξ + iτ is an eigenform of * g d with eigenvalue iλ. Since g is contained in the residual set Γ, the eigenvalue iλ is simple. Thus, ξ + iτ must be a complex multiple of the eigenform ζ + iη; that is, ξ + iτ = (a + ib)(ζ + iη) = (aζ − bη) + i(bζ + aη) (3.24)
for some a + ib ∈ C. Equating the imaginary parts of equation (3.24) gives τ = bζ + aη so that τ is a linear combination of the eigenforms η and ζ of ∆
g . Thus, λ 2 has multiplicity 2. We therefore conclude that for a residual set of metrics Γ ⊂ G r (M ), all eigenvalues of the restriction of the Hodge Laplacian ∆ (2) g to H 2 (M, Λ 2 ) ∩ K ⊥g have multiplicity 2.
As an immediate consequence of the commutativity of the Hodge Laplacian and the exterior differential operator, we obtain an analogous result for exact 3-forms.
Corollary 3.1. Let M be a closed 5-manifold, and let r be an integer, r 2. There exists a residual subset Γ of the space of all C r metrics on M such that, for all g ∈ Γ, the eigenvalues of the restriction of the Hodge Laplacian ∆ g , is Theorem 8 of [22] . The second statement follows from this and the fact that an exact 1-form has the form df , for a function f . The last two statements follow from Hodge duality. Moreover, Theorem 1.2 and Corollary 3.1 of the present work assert that there exists a residual set of C r metrics such that the operators (v) ∆ (2) g restricted to co-exact 2-forms, (vi) ∆ g restricted to exact 4-forms. Since operators (vii)-(x) have isomorphic eigenspaces, it suffices to determine the eigenvalue multiplicities of the Hodge Laplacian restricted to co-exact 1-forms. It is unclear how to best approach this problem. On a 5-manifold, the Beltrami operator only maps the space of 2-forms to itself and hence only has eigenvalues when acting on 2-forms. Thus, the eigenvalue multiplicities of the Beltrami operator will not give insight into the eigenvalues of ∆ (1) g on co-exact 1-forms. A direct perturbation approach is possible but to obtain results similar to those in section 2, and Lemma 2.2 in particular, for the Hodge Laplacian, would be calculationally intensive.
